PHYS102-Final Exam 1

1. A circuit consists of two identical square loops of side length a that share a common central
branch, as shown in the figure. The left branch contains a resistor R, the middle branch
contains another resistor R, and the right branch contains an inductor L. A uniform magnetic
field is applied perpendicular to the plane of the circuit (out of the page). It varies with time
as B(t) = By cos(wt)k. Assume ideal wires, and neglect the self-inductance of the wires except
for the inductor L.
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[7 Pts.] (a) Find the induced emf in each loop.

The magnetic flux through each square loop is
®p(t) = Bya® cos(wt).

Using Faraday’s law,

dd
E(t) = — =8 — LBya? sin(wt).
dt
[9 Pts.] (b) Determine the amplitude of the current through the inductor.

Define the emf amplitude & = wBya®. Let the clockwise mesh currents in the left and
right loops be I (t), I5(t), and let the current through the middle resistor be Ia(t).

From the junction rule,

L — =1,
Now apply Kirchhoff’s loop rules,
E(t) dlIs
I +1,=—* L— — Rl =E&(t).
1+ 12 R at 2 (t)
Then,
1 E(t) 1 E(t)
L ==-I3+ —~~ Ih=——I3+ —=~.
1Tl T op 2T TR TR
and,
dls R 3
L— + —I3= - .
a tal=350
Using phasors,
w2L? 1 4&y 3& 3wBya?
—1 —I3p=—5 = I3p= = :
Rz 0T 0T gRe 0T VRT T 4?2 VRE % AL
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[9 Pts.] (¢) Determine the average power dissipated in the system.

The average power dissipated in the resistors is
P-1r(G+3
=Tl

Usin,
: 2 2 Ig 62 ) R 2 53
Il+I27_?+27E2’ = P ZIS()"’*

Therefore,
w?B2a*(5R? + 2w?L?)
2R(R2 + 4w?L2)

P =



[5 Pts.]

[10 Pts.]

[10 Pts.]
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2. An infinitely long straight wire lies along the y axis and carries a

steady current Iy in the +y direction. A short straight wire segment
of length ¢ carries a current I;. The segment lies in the plane z = z,
so that its midpoint is located a distance zg from the infinite wire,
and its endpoints are

I l l . 14
(—2 sin 6, —5 cos 0, zo> , (2 sin 6, 3 cos B, z()) .

Thus the segment makes an angle § with the y axis, as shown in
the figure. Neglect the magnetic field produced by the short segment
itself.

Hint: [ 7yde = arctan(z) 4+ C

(a) Find the total magnetic force on the wire segment when 6 = 0.
. Inl A
F— Holofi o(—k).
21z

(b) Find the torque on the wire segment about its midpoint when 6 = 90°.
The magnetic field produced by the infinitely long wire is

3 tolo s
B—_Flo (i ak).
21 (22 4 22) (ZOZ . )

For 0 = 90°, the segment lies along the z-direction, so dl = dzi.

The force is
= pololh

dF = Iidzi x B = ;.
raxe 2 2?2+ 22 vJ

The torque about the midpoint is
d7 = 7 x dF = zi x dF.
Therefore,

7=

pololy Y% 22 -
o 7 2 dz k.
75/2 X ZO

. 22 1 zg
Using e 1— =525, we get

x24237
Inl V4 -
7o Mool 0 —2ztan™t | — ) | k.
2T 22’0

(¢) Find the total magnetic force on the wire segment for arbitrary angle 6.

The wire segment may be parametrized as dl = (sin 67+ cos 0}) ds, and z = ssinf. Then,
we have

3 tolo ( 5 . )
B = —ssinf k).
27 (22 + s2sin? ) ot s

Then . A .
wololy (—ssinf cos @i + ssin®6j — 2z cosf k) d

dF =
2 zg + s2sin246

S.
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The ¢ and j components are odd functions of s and integrate to zero. Thus only the k
component remains:

F—; o ,LL()I()IlZO cos 0 /6/2 ds ~
N 2 _t/2 78 + s%sin? @

Using

/ ds 1 a1 [ ° sin 6
= an )
22 +s2sin?0  zpsind 20

_ Il /sin@\ -
F:—M0 0 1c0t9tan_1< St >l<;
T 22

we obtain

For 6 — 0, this reduces to F = —%E, which agrees with part (a).
0
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3. Two long straight parallel wires carry a current I, as shown in the figure. Each wire has a
radius a and the axes are separated by distance D.

D D —2a
#
at .
—
I >
14
[8 Pts.] (a) Find the magnitude of the magnetic field at a point between the wires in the plane con-

taining the axes as a function of R.

Let R be the distance from the lower wire to a point between the two wires. Then the
distance from the upper wire is D — R. The magnetic fields due to the two wires are in
the same direction in the region between the wires, so

pol pol ol D
B(R) = S e A
B) = Rkt omD-R)  2r RD-B)
[10 Pts.] (b) In this plane, consider a surface of length ¢ and width D — 2a between the wires, and

determine the magnetic flux through the area (D — 2a).
The magnetic flux is

D—a
@:/ B(R) LdR.

Substituting B(R),

ol [P 1 oIl D—a /D—a dR
*=50 <R+D—R ==\ )" Db-r)

Therefore,
17 D —
§=H0"y < a)
T a
[7 Pts.] (c¢) Find the inductance per unit length for this two-conductor line. (Neglect the effect of the

magnetic field inside the wires.)

The inductance is defined by ® = LI. Therefore the inductance per unit length is

L & p, (D-a
€_I€_ﬂ'ln< a )




[4 Pts.]

[4 Pts.]

[3 Pts.]

[4 Pts.]
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4. Two infinitely long, thin coaxial cylindrical shells are cen-

tered on the z-axis. The inner shell has radius a, and the

outer shell has radius b with b > a. The inner shell carries —ca/b UO, '/

a uniform surface charge density +o, while the outer shell V0 s
carries a uniform surface charge density —oa/b, so that the - -[-[-% —)~ YO == e oeaas ri-d
total charge per unit length of the system is zero. Both '.‘ LS

cylindrical shells move in the +z direction with the same
speed vg. Calculate the following quantities, giving both
magnitude and direction when appropriate:

(a) the electric field for a < r < b;

-
-

N
~

Using Gauss’s law
b

EQ27nrl) = = .
€0 €o
Thus,
FE = o4 E= g4 7, a<r<hb
Eqr Eor

the magnetic field for a < r < b;

The inner positive shell produces a surface current density Ji, = ovg. For a < r < b, an
circle of radius r encloses only the current on the inner shell:

Iene = Jin(2ma) = 2maovy.

Using Ampere’s law,

B(2nr) = polenc = po(2maocvy) = B= HioTa%
r

By the right-hand rule, the magnetic field is in the gzg—direction.

the electric field and the magnetic field for r > b
For r > b, the total charge per unit length is

Aenc = 2mao + 27b (—%) = 21a0c —2rac =0 = FE = 0, r > b.
The total current per unit length is also zero, since

Ione = 2waovg + 2mh (_%a) 1vw=0 = B=0, r>b.

the electromagnetic energy density for a < r < b;

1 1
u = *EoEQ +—B2%
2 2410
So,
2 2 2 2 92 2 2 2
w=—22 pog 2% _ 29 % , a<r<b.
2eo1? 2r2 2eor? c?
where
2 1
= —

~ e L =-"

N
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[4 Pts.] (e) the Poynting vector for a < r < b;
- 1 o = 1 R 20200 -
S——ExB==—EBki=2"1F a<r<b
Ho Ho cor
[3 Pts.] (f) the total electromagnetic energy stored per unit length in the region between the cylinders;
U b 2 2 2 b g 2.2 2 b
:/u(27rr)dr:7ma 1+0) [0 (1 D) (),
14 “ €0 ) ), r €0 c2 a
[3 Pts.] (g) whether there exists a value of vy for which the electric and magnetic contributions to the

energy density are equal everywhere in the region a < r < b, and if so, find it.

The electric and magnetic energy densities are equal when

2 2 2
—el*=—B° = 1yy=—=c".
2 210 O poeo

Therefore,
Vg = C.

Thus the electric and magnetic contributions to the energy density are equal everywhere
between the cylinders only if the cylinders move at the speed of light.



